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Abstract. It is proved that any infinite Abelian group of infinite exponent 
admits a non-discrete reflexive group topology. 



Introduction 

For a topological group G, the group G A of continuous homomorphisms (char- 
acters) into the torus T = {z £ C : \z\ = 1} endowed with the compact-open 
topology is called the character group of G and G is named Pontryagin reflexive 
or reflexive if the canonical homomorphism aa '■ G — > G AA ,g t— > (x i— » (x,g)) is a 
topological isomorphism. In the article we consider the following question. 

Problem 1. Is any infinite Abelian group admits a non-discrete reflexive 
group topology? 

A group G with the discrete topology is denoted by Gd- The exponent of G 
(=the least common multiple of the orders of the elements of G) is denoted by 
expG. The subgroup of G which generated by an element g is denoted by (g). 

Following E.G.Zelenyuk and I.V.Protasov [5], we say that a sequence u = {«„} in 
a group G is a T-sequence if there is a Hausdorff group topology on G for which u n 
converges to zero. The group G equipped with the finest group topology with this 
property is denoted by (G, u). Using the method of T-sequences, they proved that 
every infinite Abelian group admits a complete group topology for which characters 
do not separate points. Using this method, we give the positive answer to Problem 
1 for groups of infinite exponent. We prove the following theorem. 

Theorem 1. Any infinite Abelian group G such that expG = oo admits a non- 
discrete reflexive group topology. 

Let G be a Borel subgroup of a Polish group X. G is called polishable if there 
exists a Polish group topology r on G such that the identity map i : (G, t) — > 
X,i(g) — g, is continuous. A ^-neighborhood of zero in a Polish group is denoted 
by U S . 

Let X be a compact metrizable group and u = {u n } a sequence of elements 
of X A . We denote by s u (X) the set of all x £ X such that (u n ,x) — > 1. Let G 
be a subgroup of X. If G = s u (X) we say that u characterizes G and that G is 
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characterized (by u). By Theorem 1 [3], if G is characterized, then it is polishable 
by the following metric 

(0.1) p(x,y) = d{x,y) +sup{ | (u n , x) - (u n ,y) |, n e N}, 

where d is the initial metric on X. G with the metric p is denoted by G u . 

The integral part of a real number x is denoted by [a;]. By ||ar|| we denote 
the distance of a real number x to the nearest integer. We also use the following 
inequality n\ip\ < |1 - e 2 "^| < 2tt|^|,^ € ±). 

1. The Proof 

Let G be an infinite Abelian group and H be its infinite subgroup. If H admits 
a non-trivial reflexive group topology r, then we can extend r to G such that H 
will be an open subgroup. Then, by |T], G also will be reflexive. It is well known 
that any Abelian group G of infinite exponent contains at least one of the following 
groups: 

(1) Z; 

(2) Z(p°°) for some prime number p; 

(3) G = n Z(6„), where &i < 6 2 < . . . , b n -> oo. 

Thus it is enough to prove Theorem [1] for these three cases only. 

1.1. The case Z. A non-trivial reflexive group topology on Z is constructed in 
Theorem 2 [2]. 

1.2. The case Z(p°°). 
Proof. Set 

u = {wfc}, Ufc = — t i , where n x < n 2 < . . . and n k+1 - n k — > oo. 
By (25.2) 4J, if cj = (a„) € A p = Z(p°°) A , where < a„ < p, then 

f 27TZ 1 

(1.1) (u k ,uj) = ex P| pWfc+ i (°o H ^P" fcfl nJ j ■ 

By (10.4) 0], if ^ cj 2 e A p , then d(wi, w 2 ) == 2 _n , where n is the minimal index 
such that a„ 7^ a„. For any w = (a n ) G A p and fc > 1, we put 

m k = m k (uj) = max{c? fe , n fc „i}, where <4 = n fe if < a nk <p — l, 

or d k — min-jj : either a s = for every j < s ^ n k , 
ox a s = p — 1 for every j < s $C 7ifc}. 

Then rifc_i ^ n k and the equality m k = n k is possible only if p ^ 2. 

Set w = (1, 0, 0, ... ) G A p . It is clear, by (jl.ip . that w G s u (A p ). Since (oj ) 
is dense in A p , then, by Theorem 3 |3), u is a T-sequence and (Z(p°°),u) A = G u , 
where the Polish group G u is s u (A p ) with the Polish group metric p [see (I0.1[) ]. 

We need the following three lemmas. 

Lemma 2. u> G s u (A p ) n k — m< k — > 00. 
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Proof. We can rewrite as follows: 

(a) if a s = for nik < s ^ rik, then (mod 1) 

1 1 m " 

(1.2) — Arg(u fc ,tt) = h+1 J2 



at 



y 1=0 y 

(b) if a s — p — 1 for m& < s ^ rife, then (mod 1) 

-. -, Wife rife 1 

1 . . . 1 x a; x p — 1 
- — Argu fe ,w) = — > r+ > — r = modi 

2ni v n k -m k + l Z-^i jfn k -l l^i v n k + l-l v ' 

y 1=0 1 l=m k +l y 



1 

(1-3) = ~^tY 



m k 

a-i 



pftfc — utfc-TA ^ — / pm k —l pn k —m k 1 



(c) if mfe = rik (and, hence, p 7^ 2), then (mod 1) 



^ "ft-: 
(1-4) — Arg(w fe ,w) = ^ 



ai 



n k 

Z7TJ + 1 1 » 

i=0 ^ ^ 

Assume that u> G s u (A p ) and — y4 00. 

Let case (a) be fulfilled for ki < &2 < • • ■ an d nk t ~ m k t = r > 0. Then, by 
(|1.2p . we have (modi) 

1 a ™fc, 1 a / n 1 

-7x7 < —p^ < — Arg(u fet ,wJ < — , 

pr+l p'+i 27TI p r 

and, hence, (ufc t ,u;) 7^ 1. It is a contradiction. 

Let case (b) be fulfilled for k\ < k^ < . . . and nu t — mkt ~ r > 0. Since 
a nikt < p - 2, then 

Ea; 1 P — 1 P — 1 P 
— <p-2 + -^^- f - = p-2 + ^ ^r=p-l. 
p" l k t > p ^— ^ p' p p — L 

Then, by (| 1 . 3[) . we have (modi) 

€ — Arg(u fct , w) < -fxr • (p - 1) 



r \ • "OV 'StS / ^ ' r r--t-1 ' 

pi l m p'^ 1 p' p'^ 1 

and, hence, (ufc t ,w) /> 1. It is a contradiction. 

Let case (c) be fulfilled for k\ < k^ < ... and nu t = TOfc t . Then p > 2 and 
< a„ fc < p — 1. Thus, by (|1.4p . we have (mod 1) 

1 a «fc t 1 . , x a "fc ( 1 P — 1 

- < — ^ < — Arg( Ufet , W ) < H ^ , 

P p ZTTl P P P 

and, hence, (uk t ,uj) 1. It is a contradiction. 

The converse assertion evidently follows from (|1.2p and (|1.3p . □ 

Lemma 3. (wo) *s dense in G u a^rf, hence, G u is monothetic. 

Proof. Let e > and w = (a„) € G u . Choose r such that < Jq- By Lemma [21 
we can choose fco such that 2 ^ k \-i < jq and — > r + 1 for every k ^ k . 
Choose q such that 

a; - u) Q = (0, . . . , mfcQ , a„ ifco+ i, . . . ). 
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Thus, if k < k , then, (u k , uj - wg) = 1. If k ^ k , then, by IP]) and (fl~3|) . 

|l-K, w -^)|^2^.-^<0.7e. 

So p(u;,a;g) < e and (wo) is dense in G u . □ 
Lemma 4. G„ = Z(p°°) algebraically. 

Proof. Since (cjo) is dense in G u , any continuous character \ of G u is defined by 
its value on loq. Let (x,ujo) — exp{27rza} for some a G [0, 1). It is enough to prove 
that a eZ(p°°). Let 

00 b 

a = y — , where ^ ^ < p. 

Let < e < ^j. Since x is continuous, then there exists 5 > such that 
(1.5) |l-(x,w)|<e, Vweft. 

Choose r and fc such that < and < j^. Let = (a„) G s u (A p ) have 
the following form 

(i) There exist ko < k\ < ■ ■ ■ < k s ,s G N, such that a n G [0,p — 1] if n G 

[rifc i + 1, rik i+ i — ro — 1], i = 0, . . . , s — 1, and a„ = otherwise. 

Then, by (JHHJ), (HH) and we have 

(5 S 27r 

p(0,w) sC — +sup{|l - {un,w)\, neN}^— + — <S, 
10 10 p r ° 

i.e. w G 

1) Let p > 2. Set 

i?(fc) = {i : n fc _i + 1 < i ^ n fe + 1 and < b t < p - 1}. 

If R(k) is not empty, we set r^ = min{z : i G i?(fc)}. 

Lei us prove that there exists C\ > s«c/i i/ia£ /or every k > ko if i E R{k), 
then O^n.fc + 1 — i < C\. Hence there exists k' > ko such that for any k > k' Q if 
nk-i + 1 < i ^ nk + 1 — C\, then either b{ = p — 1 or b{ = 0. 

Assume the converse and there exists a subsequence r^ q such that rife — r^ q — >• 00. 
We can assume that nk q — r^ q > ro . Since 

=(0,...,0 nkq _ 1 ,.. .,0,1^,0,...) 

satisfies condition (i), then it is contained in Us. On the other hand, 
X, wV* ) = exp |27ri ^ + ^±1^ I and 

1 <- ^1 <T ^2. J_ V* brh i +i <- &rfc <? + 1 . g ~ 1 

5 S "T" / 11 



P P P '—^ p 



So 



1 - [X, ^0 



p "9 



^ j > e. This inequality contradicts to (|1.5[) . Now we can 

choose fcp > fco such that nk-i < — Ci,Vfc > fcg. 
2) Set 

T(fc) = {i : + l<i<rt^ + l such that bi = p — 1 and = 0}. 

If T(k) is not empty, we set tk = min{i : i G T(fc)}. 
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Let us prove that there exists C2 > (Ci) > such that for every k > k' if 
i G T(k), then ^ rik — i < C2. Hence there exists fcg > ^0 such that for every 
k > fcg and i G i/ 6j > 0, then bi = 6j+i = • ■ • = o„ fc _c 2 = J 5 — 1- 

Assume the converse and there exists a subsequence £t such that n kq — tfe g — > 00. 
We can assume that fci > fco and — rfc > tq. Since 



"0 =(0,...,O nfe9 _ I ,.. .,0,1^,0,...) 
satisfies condition (i), then it is contained in Us- On the other hand, 



So 



I - i < p ~ 1 1 V btfc " + ' < p ~ 1 + p ~ 1 1 = 1 _ p ~ 1 
p ^ p 4^ p l+2 ^ p p 3 1 — i/p p 2 

. 1- - 1 \ 



1 - X,^o 



^ > e. This inequality contradicts to (|1.5[) . Choose 

fcg > fcg such that n^_i < n k — C2,V/c > /cq. 

3) Lei ms prove that there exist C3 > C2 and fcg" > fcg smc/i that for every k > fc " 
either b nk _ 1+2 = b nk _ 1+3 = ■■■ = b nk -c 3 = P - 1 or o„ fe _ 1+2 = bn fc _i+3 = • • ■ = 
°n fc -c 3 = 0. 

Set S'(fc) = {i : nk-i + 1 < i < nk — C2 and 6$ = p— 1}. Denote by = min{i G 
if ^ and Sk = n% — C2 otherwise. By item 2), it is enough to prove 
that the sequence {rtfe — Sfc, where k is chosen such that Sk > rc*— 1 +2} is bounded 
(then we can put C3 is the maximum of this sequence and choose /cq" > k$ such 
that n k _ 1 + 2 < n k - C 3 , Vfc > fcg"). 

Assume the converse and there exists a subsequence s kq such that Sfc q > n kq _i + 2 
and nfe 5 — Sfc 5 — > 00. Then frj = for n kq _i + 1 < i < s^. and 

" = (°! •••i0n„_ 1 ,-- -,0,1^-1,0,...) G Us for enough big q. 
On the other hand, 

X'^o** ) =exp|27ri (l^+f^-j^J^ and 

p - 1 < p - 1 + y, bj^-H < P ~ 1 , P ~ 1 1 J 



p 2 p 2 ^-^ p'+ 2 p 2 p 3 1 — 1/p p 



So 



1 - X. ^0 



i=l 
^(P-1) 



^> np^ ) ^ ^ This inequality contradicts to (|1.5[) . 



4) Set A = {fc : k > kg and o„ fc _ 1+ 2 = b„ k _ 1+3 = ■ ■ ■ = o Ilfe _c 3 = 0}. We can 
assume that A is infinite. Indeed, if A is finite, then 

(- X , lu ) = exp 1 2™ ^ P 1 I 

and we can consider the character — % instead of 

Denote by = min{i : where n k — C3 < i and 6j > 0}, k > k'^'. 
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Assume that a £" Z(p°°). Then, by item 3), there exist a ^ and a subsequence 
k q such that rik q + 2 — l{k q ) = a. Choose k > fc " such that nk — nk-i > f*o + a + 3 
for every k > k. Set h(q) = nk q — (ro + a + 3). Then l(k q ) — h(q) = ro + 5 and 

h(g)-l 

= (0, ■■■,0, lfcg _i,...,0,l, l(g) ,0, ...) 

satisfies condition (i). Put w(j) = (h(l) - 1) + (/i(2) - 1) + h - 1). Then 

Wq also satisfies condition (i) for every j and, hence, it is contained in Us- Since 

and 




pr +6+i pr +6 



then (mod 1) 



J 3 



^ g=l " g=l 



^Y, cl>q | > e. This inequality 



It is clear that there exists j such that 

contradicts to (fL~5j) . Thus a £ Z(p°°). □ 

Lei ms prove Theorem [J] for the case Z(p°°). By Lemma 01 G„ = Z(p°°) alge- 
braically. By Proposition 1 [3], G u is reflexive. So Z(p°°) with the topology of G„ 
is also reflexive. 

□ 

1.3. The case G = ®„Z(6„). 

Proof. Assume that G = n Z(6 n ), where b\ < 62 ^ —* 00- 

The metric c? on G^ = Iln^(^n) ^ s defined as follows: if wi ^ W2 G G^, then 

(/(wi,^) = 2 _ ", where n is the minimal index such that a* ^ a\. 
Set u = {ii„}, where u n = e„ is a generator of Z(6„). Then 

Su(G^) = < w = (a„) £ G^ : (it n ,cj) = expl 2lT iy- 



So: w 6 s u (G^) if and only if fa 0. 

Evidently, G is dense in G£ and G C s u (G£). By Theorem 3 [3 , u is a T- 
sequence and (G, u) A = G u , where the Polish group G u is s u (G^) with the Polish 
group metric p [sec (|0 - 1 [) ] - 

1. Let us prove that G is dense in G u . 

Let LO = (a n ) £ G u and e > 0. Choose no such that |1 — («„, w)| < e/10 for all n ^ 
no- Choose m ^ no such that uj m ) < e/10, where w m = [a\, . . . , a m , 0, . . . ). 
Then \{u n ,uj) — (u n ,Lj m )\ = 1 for n < no and p(uj,uj m ) < e/10 + e/10 < e. Thus G 
is dense in G u . 

2. Lei its prove that G„ = G algebraically. 

By item 1, the conjugate homomorphism G A — » G^ is a monomorphism. So any 
X £ G„ we can represent in the form x = (c„) £ G^,0 ^ c„ < 6„. We need to 
prove only that c n — for all enough big n. 
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Let £ > 0. Since \ is continuous, there exists an integer M > 10 such that 
|1 — (x, u)\ < £,Vw E U\/m- By the definition of the metric p on G u (jO.ip . there 
exists ko such that if w £ G u has the form lo = (0, . . . , nkg -i, a nkg , a nko +i, ■ ■ ■ ) 
and 



(1.6) 



1 — exp < 2iri- — 

On 



< — for all n 7ifc , then a; E t^i/Mi 



and, in particular, |1 — (%, w)| < e. 

Now assume the converse and there exists a sequence rii < ni < ■ ■ . such that 
c„ fc > 0. We can assume that ^ converges to A E [0,1]. There exist three 
possibilities. 

1) A E (0, 1). Then we can assume that a < 
k. Let e < a. Choose k ko such that b nk > 10M and set 

w = (0,...,0,l nfc ,0,...) 



^5 | for some a > and all 



Since 



1 - exp {277?^-} < ^- < jj, then, by [|1.6p . we have w E E/i/at- Thus 



|1 — < e. On the other hand 

|1-(X,")I 



1 -exp<j 2tt^ 



^ 77 



> 77Q! > £. 



It is a contradiction. 

2) A = 0. Let e < 0.01. Choose k ^ fc such that 

1 



(1.7) 






Set a„ ( = 
Put 


[ *»i 


and £; 


20irJ\/c„ i 



< 



2077M 3 

20nMc„, 



for every I ^ k. 
- a ni < 1. Then, by (fTTTjl . a„, > M > 0. 



w = (0, . . . , 0, a nk , 0, . . . , 0, a nk+1 , 0, . . . , 0, a nk+M _^ 0, . . . ). 
It is clear, by (|1.6p . that cj E J7i/m and, hence, |1 — (x, w)| < £. On the other hand, 



since 



and 

fc+M-l 



E 

l=k 



k+M-1 

E • 

l=k 



fc+M-l , 



;=fc 



207rMc ri 



M • 



1 



207rAf 20tt ' 



fc+M-l 

E 

l=k 



then 



(by (E7)) > 



|i-(x,w)| 



V207rMc ni 
1 M 



— = M ■ — L_ 

&„, 207rAf 



fc+M-l 

E 



l=k 



£; ■ — > 

On, 



1 



20tt 20ttM 3 20tt 



{fc+Af-l 
2771 ( 



1 



> 



0.9 



M 2 7 2077 ' 



> 0.04 > £. 



It is a contradiction. 

3) A = 1. Let £ < 0.01. Choose k ^ ko such that 

1 



(1.8) 



< 



20nM 3 '■ 



for every I fc. 
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Set Q*ni — 



20ttM(6„ -c„.) 



and £; = 



a ni > M > 0. Put 



20rrM(b„ ; -c„ ( ) 



— a Mi < 1. Then, by JTT 



w - (0, . . . , 0, a nit , 0, . . . , 0, a„ fc+1 , 0, . . . , 0, a„ fe+M _ 15 0, . . . ). 
It is clear, by (|1.6p . that u) E U\ju anci , hence, |1 — (%, w)| < e. On the other hand, 

fe+M— 1 k+M-1 



since 



a n , • r-^(modl) = - ^ a„ ; 



;=fc '*< z=fc 

we can repeat the computations in item 2), and obtain that e < 0.04 < |1 — (x, 
It is a contradiction. So (G, u) AA = G A = G algebraically. 

3. Let us prove Theorem^ for the case G — ©„Z(& n ). By item 2, G A = G 
algebraically. By Proposition 1 [3] , G u is reflexive. So G with the topology of G„ 
is also reflexive. 

□ 
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